Irving and Kirkwood [12] formulism (IK formulism) provides a way to compute continuum mechanics quantities at certain location in terms of molecular variables. To make the approach more practical in computer simulation, Hardy [11] proposed to use a spacial kernel function that couples continuum quantities with atomistic information. To reduce irrational fluctuations, Murdoch [18] proposed to use a temporal kernel function to smooth the physical quantities obtained in Hardy's approach. In this paper, we generalize the original IK formulism to systematically incorporate both spacial and temporal average. The Cauchy stress tensor is derived in this generalized IK formulism (g-IK formulism). Analysis is given to illuminate the connection and difference between g-IK formulism and traditional temporal post-process approach. The relationship between Cauchy stress and first Piola-Kirchhoff stress is restudied in the framework of g-IK formulism. Numerical experiments using molecular dynamics are conducted to examine the analysis results.
Introduction
One commonly existing problem in material science is the time-scale and/or length-scale gap between continuum mechanics and molecular dynamics methods of studying the system [14, 13, 15, 19, 20, 21] . To overcome this difficulty, one significant work is to develop suitable definitions for continuum variables that are calculable within an atomistic system. Lots of work has been done in this direction. The earliest work of defining stress in expression of microscopic quantities could date back to Cauchy in the 1820 with his aim to define stress in a crystalline solid [4, 3] . Cauchy's original definition emerges from the intuitive idea of identifying stress with the force per unit area carried by the bonds that cross a given surface. Tsai [22] in 1979 extended the definition given by Cauchy to finite temperature by taking into consideration the momentum flux passing through the surface. However, since their approaches are tied to some particular surface being considered, they actually constitute definitions for traction but not for stress tensor.
The first definition of stress as a tensorial quantity was in the late 19th century, when Clausius [7] and Maxwell [16] developed the virial theorem to calculate stress in a homogeneous system. After that, Irving and Kirkwood [12] derived expressions for local stress tensor and heat current density in terms of molecular degrees of freedom, which extends virial theorem to non-homogeneous system. However, due to the Dirac Delta function used by Irving and Kirkwood in definitions of continuum quantities, numerical implementation is not straightforward. Hardy [11] is one of the first to employ finite-valued and finite-ranged localization function, called kernel function, to replace the Dirac Delta function initially used in IK formulism. Hardy's work makes it possible to construct a self-consistent and practical manner of distributing discrete atomic contributions to thermal mechanical fields.
Hardy's work has well coupled continuum quantities with atomistic information in spacial aspect. Otherwise, due to the inconsistency of time-scales between the two systems, the thermal mechanical fields obtained this way still exhibit irrational fluctuations. Murdoch and Bedeaux [17, 18] studied how temporal average can be done after spacial average is obtained. However, as the temporal average is not part of the original IK formulism, a careless usage of it may lead to violation of conservation laws (as we will show, the time averaged Hardy stress violates the conservation of momentum).
In this paper, we generalize the original IK formulism's definition of Dirac Delta function to a space-time coupled kernel function (space-time kernel). Through this method, we can overcome the fluctuations caused by inconsistency of space/time-scales, and also keep the work in a consistent manner of the original IK formulism. The following issues will be in our main concerns:
• Unlike traditional way of making temporal post-process on physical quantities, g-IK formulism aims at incorporating spacial and tempo-ral average in a uniform way with a space-time kernel function. This approach is a generalization of temporal post-process (separable kernel case) method, for it gives more choices (inseparable kernel case) of calculating continuum fields from atomistic quantities.
• When the kernel function used in g-IK formulism is space-time separable (see section 4 for the definition), we show the Cauchy stress tensor derived in g-IK formulism (g-IK stress) is equivalent to the stress derived in Murdoch' paper [18] . This stress is different from the timeaveraged Hardy stress. We give an analysis on the difference between g-IK stress and time-averaged Hardy stress and show how the difference rely on the spacial (or temporal) radius of the space-time kernel function. Some numerical experiments are carried to estimate the difference under different spacial (or temporal) radius.
• The classical relationship (σ = det(F) −1 F · P) between Cauchy stress and first Piola-Kirchhoff (PK) stress is restudied in the framework of g-IK formulism. When the kernel function is in uniform-weighting form, an inequality is given to estimate σ−det(F) −1 F·P 2 , which turns out to rely on system temperature (T ) and temporal radius of the kernel function (r t ). When the kernel function is in general form, we give an analysis on the classical relationship (σ = det(F) −1 F · P) when the system in zero temperature. Numerical experiments are also carried to estimate σ − det(F) −1 F · P 2 under different temporal radius and system temperatures.
The rest of the paper is organized as follows: in section 2, we review the definitions of virial stress and the derivation of Hardy stress. In section 3, we discuss the rational definitions for mass density and momentum and the derivation of Cauchy stress tensor in g-IK formulism. In section 4, we first show that the g-IK stress is equal to Murdoch's stress [18] when the kernel used in g-IK formulism is space-time separable, then we show that there lies an intrinsic difference between g-IK stress and time-averaged Hardy stress and give an analysis on the difference. In section 5, we study the classical relationship (σ = det(F) −1 F · P) between PK and Cauchy stress in the framework of g-IK formulism, an inequality is given to estimate σ − det(F) −1 F·P 2 when the space-time kernel possesses uniform weighting form, then the result is generalized to general shape of kernel at zero temperature. In section 6, we carry out some numerical experiments of molecular dynamics to further understand our analysis results in the previous sections. In the final section, we draw some conclusions about our discoveries.
Continuum stress in atomistic presentation

Continuum and atomistic system
Continuum theory has been successfully used for decades to analyze and predict the mechanics of materials and structures. The core of the theory can be formulated as conservation laws, in the form of mass, momentum and energy conservation. In continuum mechanics, these conservation laws can be formulated in both Lagrangian (reference) coordinate or Eulerian (current) coordinate, based on which the Piola-Kirchhoff stress or the Cauchy stress tensor could be derived. In this paper, our focus will be on the Eulerian reference and the Cauchy stress tensor.
We consider a system Ω, its referential state (or initial state) is denoted as Ω 0 . Let X ∈ Ω 0 ∈ R 3 be a point in the reference frame, x = x(X, t) ∈ Ω ∈ R 3 be the point after deformation, u(x, t) = x(X, t) − X be the displacement field and F = ∂x(X,t) ∂X be the deformation gradient. In Eulerian reference, continuum mechanics models are expressed as conservations of mass, momentum and energy:
In equation (1a)-(1c), ρ is mass density, q is momentum, v = q/ρ is velocity, σ is Cauchy stress, E is energy density, and J is heat flux. It is worthwhile to notice that all the physical quantities defined above are under Eulerian reference. If we let U represent one of the above physical quantity, then U(x, t) is uniquely determined by current location x and time t. Hence, all the derivative operator ∇ x (∇ for simplicity) defined in this paper is spacial frame gradient rather than material frame gradient.
In atomistic model, we define X i ∈ Ω 0 as reference position and x i (t) ∈ Ω as current position of the i-th atom, then the displacement of the i-th atom u i (t) is written as u i (t) = x i (t) − X i . We assume that the interatomic potential V can be uniquely determined by atom position
. The motion of atoms are assumed to satisfy Newton's second Law:
where m i represents for mass of the i-th atom, V (x i , ..., x n ) is the potential function determined by atoms position. Let f i be force exerting on the i-th atom, we assume there exists the force decomposition such that:
where f ij is the force between the i-th atom and the j-th atom. One thing need to notice is that even if V is not pair-wise potential, there may still exists such force decomposition. To more detail, reader can see [5, 13] .
2.2. Virial stress and Hardy stress 2.2.1. Virial stress For a homogeneous system, the average stress, referred to as the virial stress, has been widely used and studied. Here we introduce two versions of virial stress, the first of which is under Eulerian reference. Let |Ω| be the volume of the system, then the Eulerian version of virial stress is given by:
where
is the velocity of i-th atom, v(t) is the average velocity of all atoms in Ω, and · (t) (or (·) ) represents for ensemble or temporal average. The virial stress in Lagrangian reference is:
where X ij = X i − X j , |Ω 0 | is volume of the system in referential state. In the following sections, σ V and P V will represent for the virial version of Cauchy and PK stress without temporal/ensemble average.
Hardy stress
For system out of equilibrium, or non-homogeneous system, one needs to compute the stress locally at a point in space, the virial stress formula turns out to be inapplicable in this case [6] . The Irving-Kirkwood formulism provides a rigorous approach to compute physical quantities in a local region, where they defined the empirical distribution as:
where δ(x) is the Dirac Delta function, ρ(x 1 , ..., x n , q 1 , ..., q n ; t) is the density function of ensemble. N is the number of the atoms in the system. The Cauchy stress tensor is derived based on Liouville equation and conservation equations in continuous mechanics:
.., q n ; t) .
(7) Hardy et al proposed another approach, which can be directly used in the MD simulation. Hardy's approach begins with representing the local quantities by using a kernel function ϕ:
e(x, t) = 1 2
In equation (8a)-(8c), ϕ can be considered as a weight function, taking average of physical quantities near sample point x. In connection to the IK's formulism, the function ϕ can be viewed as a regularization to the Dirac Delta function. It can be also considered as the average of the function ϕ(x − y) with respect to the one-particle distributions.
Hardy's criteria [11] will be taken as guidelines to select these ϕ:
• ϕ(x) has maximum at x = 0.
• ϕ(x) → 0 as |x| → +∞.
• ϕ(x) is smooth and non-negative.
• R 3 ϕ(x)dx = 1.
For the integrity of the paper, we briefly explain how the stress can be derived from this approach, the derivations could be found in lots of materials including [11, 18, 25, 23] . From the equations (8b), one gets
where (3) is used to achieve force decomposition. At this point, a "bond function" b ij (x, t) is defined as:
Then we can write the expression as:
Here, we introduce the "revised velocity"
then there holds:
Combined with equation (1b), we get the Hardy stress
3. Generalized Irving-Kirkwood formulism
Definitions of mass density and momentum in generalized IK formulism
In molecular dynamics simulation, the direct usage of Hardy stress will cause irrational fluctuations even in a homogeneous system. This is caused by the inconsistency of time-scales between the atomistic and continuum systems. Therefore, it needs to be further processed to obtain a more stable value through time or ensemble average. In the original IK formalism, the ensemble average was used. Here we propose to extend the IK formulism to naturally incorporate time averaging by using a space-time kernel Φ(x, t).
Our former article [24] surveys on g-IK formulism in Lagrangian reference, where the momentum and mass density are defined as
where Φ(X, t) is the space-time kernel function coupling atomistic quantities (m i and v i ) with continuum quantities (ρ L andq L ). A natural way to transport the definitions to Eulerian reference may bẽ
However, these definitions turn out to violate the conservation of mass. For we have
So, some care must be paid in the definitions of mass density and momentum in the g-IK formulism when we consider them in Eulerian reference.
Another possible way to define mass density and momentum is
Here, we again first check whether these definitions are consistent with mass conservation. By taking derivative ofρ, there is
Thus, there holds
namely, the definitions ofρ andq (12) are consistent with mass conservation equation (1a). Naturally, these definitions will be taken as the ones to derive the Cauchy stress tensor in the next section. Now, we discuss the several properties of the space-time kernel Φ. We bare in mind the Hardy's criteria of choosing the spacial kernel function and try to generalize these criteria to the 4 dimensional space-time. It is often convenient to start with an original kernel Ψ which has a support in an unit cubic, and then define
where r s is spacial radius, and r t is temporal radius of Φ. For Ψ, we give several criteria similar to Hardy's:
• ∀t ∈ R, Ψ(x, t) has maximum at x = 0.
•
• R 4 Ψ(x, t)dx = 1.
Here, we give several choices for Ψ that satisfy the above criteria:
1. Type I:
2. Type II:
3. Type III:
Here r = x 2 + y 2 + z 2 . 4. Type IV:
Here R = x 2 + y 2 + z 2 + t 2 .
Derivation for Cauchy stress in generalized Irving-Kirkwood formulism
In this subsection, we try to derive the Cauchy stress in g-IK formulism. We start from definition (12) , by taking time derivative ofq, there is
Here, we define the generalized "bond function" B ij (x, s, t − s) as
Then there is
Now, we define the generalized "revised velocity"w i (x, s, t):
then there hold
Hence, if we define the Cauchy stress σ G as
It satisfies the momentum conservation law (1b):
Thus, (15) will be our definition of g-IK stress. Obviously,q,ρ and σ G are consistent with conservation laws.
Comparison between generalized IK formulism and traditional temporal post-process approach
In traditional temporal post-process approach, there are basically two ways to derive the stress tensor:
1. Time-averaged stress: In this approach, the Hardy stress is first derived, then it is averaged with a temporal kernel function. 2. Murdoch's stress [18] : In this approach, the mass density and momentum defined in Hardy's approach are first averaged with a temporal kernel function, then a revised version of stress tensor is derived based on the temporally averaged mass density and momentum.
A common mark of the two ways of temporal post-process approach is, the spacial and temporal average are two separable steps. This mark of temporal post-process approach will lead to the first difference with g-IK approach, namely, the inseparable kernel case. We say the kernel Φ(x, t) is space-time separable, when it has the following decomposition
where ϕ(x) and τ (t) could be regarded as spacial kernel and temporal kernel respectively. Otherwise, we say the kernel Φ(x, t) is inseparable. An inseparable kernel will make the steps of spacial and temporal average into an indistinguishable unified process, in which case the separation of the two steps would be impossible. One feature of an inseparable space-time kernel is, the spacial average domain will change as time. The left figure in Figure 1 shows the support domain of a typical inseparable kernel (the Type IV kernel in section 3.1). We can see, when the averaging time is near the sample time (the center of the space-time), the spacial average domain increases. This feature gives us more choice of coupling continuum mechanics quantities with atomistic information, as it allows us to give different domain of spacial average at different time, while for the separable kernel (for instance, the Type III kernel, right figure of Figure 1 ), the spacial average domain is always the same. Another thing worth our consideration is, when the kernel function is space-time separable, whether the g-IK stress can be reduced to one of the above two versions of stress defined in temporal post-process approach. To figure out this problem, we will now assume our following discussions are in the sense of a separable kernel (otherwise, the discussion is meaningless as we shown above). In [24] , we show that the above two versions of stress in temporal post-process approach and g-IK stress are all identical in Lagrangian reference. Here, in Eulerian reference, our discoveries are 1. The g-IK stress could be regarded as Murdoch's stress. 2. There lies difference between g-IK stress and time-averaged stress, the value of the difference is related to the spacial and temporal radius of the kernel function.
In the next two subsections, we will respectively study these two cases.
4.1. Consistency between generalized IK formulism and traditional temporal post-process approach In this part, we will show that Murdoch's stress could be regarded as the g-IK stress, when the kernel Φ(x, t) is space-time separable. In this case, the definitions for mass density and momentum (12) becomẽ
whereρ := ρ * τ ,q := q * τ . We notice that, now the mass density and momentum defined in g-IK formulism are equal to the ones by making temporal post-process on Hardy's definitions for mass density and momentum with a temporal kernel function τ . Starting fromρ andq, Murdoch [18] derived the Cauchy stress tensor as
and
We notice that when Φ is separable, the "bond function" in Hardy's (9) and g-IK's (13) approaches have the connection:
thus it is obvious that
So, the g-IK formulism is consistent with the traditional temporal postprocess approach.
Difference between generalized IK stress and time-averaged Hardy stress
In this part, we will compare the g-IK stress with time-averaged Hardy stress in the case of a separable kernel. When we look at the expressions of the g-IK stress (or equivalently, the Murdoch's definition of stress T u ) and the time-averaged Hardy stress, the only difference between the two lies in the kinetic part of the stress. More precisely, the "revised velocity" of the two versions of stress ( (10) and (14)) are different, for we havẽ
wherew i is obtained in g-IK formulism, w i is obtained in Hardy's approach. The physical meaning of the revised velocity can be interpreted as the particle oscillations relative to the macroscopic field. In g-IK formulism, the macroscopic velocity field is naturally incorporated with spacial and temporal average, but in Hardy's approach, the field is only incorporated with spacial average. Thus a direct temporal average on the Hardy's stress may be unreasonable as the macroscopic velocity field is only up to a sense of spacial average while the stress is defined under the meaning of space-time average.
Another approach to understand the difference is to first consider again the momentum conservation equation (1b), if we take temporal average at both sides of the equation, there hold
On the other hand, there is
Asq,ρ and σ G satisfy the conservation of momentum, and generally, ∇ x · (q ⊗q ρ − q ⊗ v) = 0. Soq,ρ and σ H do not satisfy conservation of momentum in general.
Now we try to figure out the difference between σ G and σ H directly, according to equation (15) and (11), we have
Here we notice the fact that
Now we use the factṽ =q ρ =q ρ , and get
Obviously, this is consistent with equation (18) . But we can not directly conclude (19) from (18), as the stress tensor is unique only up to a divergence free term. Murdoch [17] has investigated the right term of (19) , and reasoned that it can not be neglected when v I −ṽ varies significantly in space and/or time at the r s (spacial radius), r t (temporal radius) scales, where v I could be regarded as the velocity defined in the original IK formulism. Here we try to investigate the connection between the value of the right term of (19) and the spacial/temporal radius r s /r t . From our formulas above, we know
So the difference is controlled by the mean value of v(x, s) −ṽ(x, t) 2 . Intuitively, there are two situations in which the difference maybe small, we will respectively check these two situations. The first one is when the temporal radius r t goes down to zero. In this situation, we have
where δ represents for the Dirac Delta function. As Dirac Delta function is the identity of convolution group, there hold
So we know the difference goes down to zero as the temporal radius goes down to zero. Another situation is when the spacial average radius (r s ) becomes large enough. In this situation, the physical quantities obtained from spacial average become more stable to time. This could be interpreted as
where f is some spatially averaged macroscopic local field. When τ (x) = 1 rt χ [x−rt,x] , the meaning of the above equation becomes clear, it is just the variance of f (in the sense of absolute value) goes down to zero. Now we consider again the equation (20) and have
According to (21) , there hold
so the difference goes down as the spacial radius r s increase. The numerical experiments presented in section 6, suggest that the difference between g-IK stress and time-averaged stress decreases when r s increases or r t decreases to zero as we show in this section.
Reconsideration of several versions of stress in generalized IK formulism
Generalized IK stress and virial stress
The virial stress tensor can be re-derived from the time-averaged Hardy stress at a special case of a uniform weighting spacial kernel function [1] . In this subsection, we will study the connection between virial stress and g-IK stress at the case when the space-time kernel has a uniform weighting form. As the g-IK stress naturally incorporate temporal average, the connection can be directly build. However, some care must be paid on the difference between the g-IK stress and time-averaged stress when building the connection.
To begin with, we say the space-time kernel function Φ has the uniform weighting form, when it can be written as
where r s is spacial radius, r t is temporal radius. One thing need to notice is that Φ is separable in this case, namely
In this case, we have
So, combing with (19) , there is
For Piola-Kirchhoff stress, as there is no explicit kinetic term, thus
In the above equations, the summation X ij ∩∂Ω is doing on atom i, j such that their ij bond intersects with the boundary of the support of spacial kernel, c ij is the fraction of the ij bond that lies inside of the domain, and the hat ( ) means convolution with temporal kernel function τ . As the summation is doing on the boundary, and the potential function has only finite range of interaction, there holds: 
We know the part q ⊗ q ρ −q ⊗q ρ is identical to the difference between g-IK stress and time-averaged Hardy stress. Our analysis above shows that this value vanishes when the spacial kernel radius r s is large enough. Therefore we get
Namely, the virial stress can be derived from g-IK formulism as a special case (kernel has uniform weighting form, and r s is taken large enough value).
PK and Cauchy stress
In continuum mechanics, there holds the following classical relationship between Cauchy and first Piola-Kirchhoff stress:
In this subsection, we try to investigate (24) in the framework of g-IK formulism. As is shown above, the g-IK stress becomes virial stress when spacetime kernel has uniform weighting form and the spacial radius is large enough. So one way to look at (24) in the framework of g-IK formulism is to study the relationship between σ V and P V . Here, we follow the idea used in [26] . Namely, for each atom i, we assume
so, the position of each atom x i is decomposed into a homogeneous deformation F relative to the material point X i , plus a perturbation due to thermal fluctuations. Then the virial stress in Eulerian reference can be written as
where z ij = z i − z j , and |Ω| = det(F)|Ω 0 |. In zero temperature case, v i and z i have zero values, (25) directly gives the relationship between PK and Cauchy stress (24) . In finite temperature case, the remaining part including v i and z i can be written as
Here we define the notation for atom average and temporal average. For any quantity Ξ related to atom i and time t, we have
then by Cauchy-Schwartz inequality, there holds
where N is the number of atoms in Ω, k B is boltzmann constant, T is temperature, Θ = z i 2 2 (i) is the mean value of oscillations with respect to all the atoms, and m = max i {m i }. From the inequality above, we can see that as r t increases, the difference between σ V and det(F) −1 F· P V decreases. The temperature is another factor deciding the difference, one extreme case is of the zero temperature, in which case the difference is zero.
From the proof above, we can see the key factor leading to the classical relationship between PK and Cauchy stress is that the oscillation term z i ⊗ f i in viscous part of the stress and the kinetic part of stress m i v i ⊗ v i cancel with each other in the sense of a temporal average. After cancellation, the remaining viscous part in Cauchy stress can now be directly related to PiolaKirchhoff stress. In the numerical experiment part, we will further investigate the behaviors of z i ⊗ f i and m i v i ⊗ v i under the effect of temperature and temporal average.
Generalization to general kernel
The relationship σ = det(F) −1 F · P could actually be generalized to the case of general shape of kernel function. However, the generalization would make it difficult for us to directly estimate the difference in an explicit formula, as we need to consider the properties of the kernel function as well, which will make the work too much to all fit in this paper. Here, we briefly introduce the generalization to general shape of spacial kernel function in zero temperature. To proceed, we first need several natural assumptions:
1. Finite range interatomic interaction. Namely,
One order regularity of original spacial kernel function (notice that
ϕ
), and ϕ is the spacial kernel). Namely,
3. Translational invariance. So there hold,
Now we consider a lattice under a uniform deformation F, namely x i = F · X i . When the kernel is space-time separable, the g-IK stress is equal to the Hardy stress no matter what kind of temporal average is taken. So we will directly compare the two versions (Cauchy and PK) of Hardy stress rather than g-IK stress. For the Cauchy stress in zero temperature, there is
Here we assume the sample point is at 0. By usage of assumption 1 and the fact that the support of ϕ has radius of r s , we know the summation i j =i has the following transform
So we have
Now, from assumption 1 and 2, we have
So there hold
thus we have
Similarly, there hold the following equation for the PK stress
Now by assumption 3, we have
Then the Cauchy and PK stress become
Now their relationship becomes clear. This is because when r s is large enough, the summation above could also be interpreted as integration:
F · P H , as r s >> 1.
Numerical experiments
In this section, we describe several numerical experiments of molecular dynamics, conducted to further understand our analysis results. We consider a molecular dynamics model of FCC aluminum (Al). Atoms are assumed to be interacting through the embedded-atom model (EAM) [8] , in which the potential energy is given by,
Here φ is a pairwise potential, U is the glue function and ρ is the electron density function of the i-th atom. Parameters in the expression can be found in [9] . For the EAM model, the force decomposition f ij is given by,
In the MD simulations, we use the standard neighbor list method [2, 10] in the force calculation. We use the NVE ensemble, in which the standard Verlet's time integrator is used. The lattice constant for such a system is a 0 = 4.032Å at zero temperature and a 0 = 4.051Å at 300K. The energy unit is in eV . The time scale is 0.052880 pico-second and the unit for the stress is 160.2176 GPa. All the results will be presented in these unit. The step size for the time integration is ∆t = 0.1 for experiment 1 and ∆t = 0.01 for experiment 2.
Experiment 1
Our first experiment is on the difference between g-IK stress and timeaveraged Hardy stress when the kernel function is space-time separable. As we show in the previous section, there hold (19) , namely
Thus the estimation of the difference between the two versions of stress can be translated to the estimation of the difference between q ⊗ q ρ andq ⊗q ρ .
Here we will call q ⊗ q ρ as the time-averaged part, andq ⊗q ρ as the g-IK part.
We set up the system under the temperature of 300K and track the variations of the two parts as MD system evolves. Figure 3 shows the variations of both parts under different spacial and temporal radius. We can see both parts go down when spacial radius becomes larger. When temporal radius becomes larger, we can see the time-averaged part becomes more stable, which is a reasonable effect of temporal average, but its mean value nearly keeps unchanged. For the g-IK part, we see a significant decrease in whole. So, as a consequence, their difference becomes larger when temporal radius increases.
The numerical results are consistent with our analysis. As the MD system is in thermodynamics equilibrium. When the spacial radius becomes larger. The physical quantities q, v become more closer to the system's global value (which is constant zero by our initiation) and more stable to time. When temporal radius becomes larger,q,v become more closer to the global value as an effect of ensemble or temporal average, but q ⊗ q ρ does not decrease for the components {(q ⊗ q) ii , i = 1, 2, 3} are always positive values. This will make the oscillations unable to cancel, but accumulate over temporal average.
To get a more clear observation on the difference, we draw Figure 4 . The differences are first valued at each time-step, then we take the mean absolute value of them. This process is repeated under different spacial and temporal radius.
From Figure 4 , we see the difference decreases to zero when the temporal radius decreases to zero. When temporal radius increases, the difference first increases significantly, then becomes stable at some value. When spacial radius becomes larger, the difference decreases in whole. The experiment results are consistent with our analysis in B of section 4.
Experiment 2
The second experiment is on the relationship between Cauchy and PK stress. From (25), we know
play important roles on the difference between revised PK stress (det(F) −1 F · P) and Cauchy stress (σ V ), which we suppose to be zero in continuum theory. In the following content, we will study the behaviors of
temporal average radius and system temperatures. We will call 1 |Ω| i z i ⊗ f i as viscous term, and
We first set up the MD system at zero temperature (a 0 = 4.032Å), then we heat the system up to 50K, 100K, 150K and calculate the viscous term and kinetic term respectively at these temperatures. Figure 5 shows the variations of the two terms at different temperatures. We can see as the temperature increases, the absolute values of both the two terms increase. This is because the molecules oscillating more fiercely in higher temperature. Another thing worth noticing is that the two terms have nearly the same absolute values despite the different temperatures. As their signs are different, the canceling of the two terms will make their summation varying around zero value. The first row of Figure 6 shows the variation of (σ
From the first row, we can see the value keeps varying around zero value despite the increasing temperature and pressure. However, the amplitude of the oscillations increases as the temperature increases.
The second row of Figure 6 shows the variation of (σ V − det(F) −1 F · P V ) under a temporal average with radius of 0.159 pico-seconds. We can see the amplitudes of oscillations decrease significantly after temporal averages are applied. However, we still see slightly larger amplitude of oscillations at higher temperature.
To see more clear relationship between (σ V − det(F) −1 F · P V ) and the system temperature and temporal kernel radius. We draw Figure 7 . The values are first taken at each time-step, then we take the mean absolute value of them. This process is repeated under different temporal radius and temperatures. We also draw the reciprocal of the value, thus the dependence on temporal radius can be more clearly observed.
The left figure in Figure 7 shows the original values. We can see when temporal radius increases, all the three curves decrease, and the curve representing for the higher temperature has higher values over whole. In the right figure of Figure 7 , the value in y-axis has been taken reciprocal value. We can see the three curves are nearly in linear growth. This shows that, the original data in the left figure are nearly in order O(r −1 t ). This order of decreasing is consistent with our analysis prediction. The numerical experiments are consistent with our analysis in B of section 5. Namely, the temporal average and temperature are two deciding factors that determine the difference between Cauchy and revised PK stress. The larger temporal radius will decrease their difference, while the higher temperature will increase the difference.
Conclusion
1. The g-IK stress has intrinsic difference with the time-averaged stress.
This difference can be presented in two aspects. The first is when the space-time kernel is inseparable. In this case, the g-IK stress gives different domain of spacial average at different time, while the timeaveraged Hardy stress has the same domain of spacial average at all instant of time. The second is when the kernel is space-time separable. In this case, the difference can not be neglected when the spacial radius is small and the temporal radius is large. However, a large enough spacial radius or a small enough temporal radius can guarantee their difference vanishing. 2. The connections between several versions of stress can be rebuilt in the framework of g-IK formulism. The first is when the spacial radius is large enough, the virial stress can be regarded as g-IK stress when the space-time kernel has uniform weighting form. The second is on the classical relationship between Cauchy and first Piola-Kirchhoff stress (24) . We show the relationship holds only when the system temperature is finite and the temporal radius is large enough, and the dependence of the difference between PK and revised Cauchy stress on the temporal average radius is about O(r −1 t ).
